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Abstract This work proposes a fully Lagrangian formulation for the numer-
ical modeling of free-surface particle-laden ows. The uid phase is solved
using the Particle Finite Element Method (PFEM), while the solid particles
embedded in the uid are modeled with the Discrete Element Method (DEM).
The coupling between the implicit PFEM and the explicit DEM is performed
through a sub-stepping staggered scheme. This work only considers suspended
spherical particles that are assumed not to aect the 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good agreement with analytical solutions, laboratory tests and numerical re-
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The term Particulate, or particle-laden ow refers to the dynamics of a multi-
component medium [36] where at least one component or phase is formed by
a continuously connected uid (the suspending uid), and where at least one
of the remaining phases is formed by a number of disconnected sub-domains
(the particles) which are surrounded by the uid. Typically, the particles are
assumed to be immiscible, numerous and small with respect to the charac-
teristic size of the domain considered. In this work, we restrict our attention
to bi-component ows involving suspensions of small, rigid-solid spheres in an
incompressible Newtonian uid.
During the last decade or so, there has been a growing interest in the
development of numerical techniques for the simulation of particle-laden ows,
perhaps due to the ever-increasing availability of computational resources.
Indeed, simulating such systems often requires the consideration of a wide
range of scales simultaneously [43,44], as it is dicult to model the intricate
details of the particle-scale phenomena that are needed for a fully macroscopic
description.
There exist roughly three main families (one may also consider a fourth one,
see [45]) of numerical methods for particle-laden ows, each corresponding to a
dierent combination of scales at which each phase is described, see, e.g. [34]:
1. Fully Resolved Approach (FRA): Here the details of the ow around each
particle are numerically resolved and the whole system reduces to a uid-
structure interaction problem, possibly including inter-particle contact as
well. The motion of the particles, normally taken as rigid solids, can be cal-
culated with a variety of methods, such as the Discrete Element Method
(DEM) [45]. The FRA can be understood as a `brute-force' solution; reli-
able, but only practical for very small systems.
2. Multi-Fluid Approach (MFA): In this approach, the medium is described
as a multicomponent continuum and the solving equations are obtained by
applying an average or lter [46,37] to the dierential equations that de-
scribe each phase separately. Unfortunately, the resulting averaged system
contains terms that cannot be expressed in terms of the ltered elds, so
closure models have to be introduced in order to obtain a well-posed prob-
lem [35,36]. The closed system of equations can be discretized and solved
with a variety of Computational Fluid Dynamics (CFD) solvers, e.g. based
on the Finite Dierence Method (FDM), the Finite Volume Method (FVM)
or the Finite Element Method (FEM).
3. Hybrid approach: In this approach, the particles are individually tracked
but the details of the ow around them are smoothed. This is achieved
by using the equations that correspond to the uid phase, as in the MFA,
but replacing the ones for the particles phase by the equations of motion
of the individual particles, as in the FRA. To couple the uid and the
particles, the smoothed uid elds are evaluated at the location of the
particles' centers. The motion of the particles can be derived using closure
models, such as an empirical drag law, to achieve forward coupling to the
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uid phase. The particle-to-uid coupling (backward coupling) can, in turn,
be achieved by repeatedly applying a discrete ltering operation on the
particles before solving for the uid phase.
In this work, we choose to focus on the hybrid approach. For the descrip-
tion of the particles, we use the discrete element method (DEM), while, the
Particle Finite Element Method (PFEM) [1] is used as the CFD solver. The
DEM has been chosen for modeling the solid phase of the particle-laden ow,
as this method is robust in treating collisions and sustained contact both be-
tween particles and between particles and solid boundaries. On the other hand,
the PFEM, basing on a Lagrangian description of the uid motion, allows for
a natural tracking of uid interfaces and it can be safely used for large de-
formation processes, such as the ones occurring in unsteady free-surface uid
ows [2,3], uid-structure interaction problems [5,10], granular ows [8,9], bed
erosion [6] and geotechnical applications [7]. Such choices dene our method
as a PFEM-DEM approach, hence a subcategory of the so-called CFD-DEM
methods [67,52,53,55,54,61,62]. The CFD-DEM has been used directly in in-
dustrial problems such as uid catalytic cracker (FCC) units [49], pneumatic
transport [50] and mud-ow transport problems from the oil industry [51]. But
perhaps the most promising use of CFD-DEM procedures is in the derivation
of empirical relations and validation examples [47,48], which can be used to
improve the models used in coarser but more aordable techniques.
Here we will concentrate on a one-way-only coupled strategy, where we
neglect the eect of the particles on the ow. Such strategy is suitable for
suciently disperse ows [66] (see also the second chapter in [37]), which
arise in many natural and industrial problems like contaminant dispersion, the
study of sprays and the manufacture of composites. Under such hypothesis,
the formulation becomes simpler and it brings about certain advantages. For
example, it makes it possible to calculate the uid rst, store the results, and
then reuse them multiple times with dierent particle ensembles. Nonetheless,
our formulation can indeed be extended to the fully two-way coupled case,
which is left for future work.
In contrast to previous PFEM-DEM formulations [39,40], where the PFEM
mesh nodes were assumed to be coincident with the suspended spherical ele-
ments, in this work the solid particles are free to move across the uid elements
of the PFEM mesh, such as in the traditional particle-in-cell scheme [57,56].
This is extremely helpful in order to maintain a good quality of the mesh dur-
ing the analysis at a reasonable cost, the reason being that the solid particles
do not impose any restriction to the PFEM remeshing procedure.
Our aim is to present the details of the PFEM-DEM approach, provide
the basic instructions on how to implement it and discuss some of its partic-
ularities. This work should pave the way for other researchers interested in
taking advantage of the PFEM features for the analysis of particle-laden ow
problems: robust performance with free surfaces and intersecting interfaces
and versatile FSI capabilities, and easiness of coupling with the DEM.
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The paper is organized as follows. In Section 2 we introduce the contin-
uum model for the uid phase and the equation of motion for the particles. In
Section 3 we describe the proposed PFEM-DEM algorithm, including a brief
account of the uid-phase solution, the particle-phase solution strategies and
the coupling strategy. In Section 6 we present four benchmark examples to
validate the proposed PFEM-DEM approach. The goal is to show its applica-
bility to problems of industrial interest and to illustrate dierent aspects of the
method, such as the eect of the PFEM remeshing on the DEM solution and
the possibility of using the DEM elements as tracers of the PFEM solution.
2 Governing equations
This section presents the governing equations for the particle-laden ow prob-
lem. In the approach taken in this work, the uid is assumed to be insensitive
to the solid particles motion. On the contrary, the particles are aected by
the uid solution. Considering these hypotheses, the governing equations for
the uid phase and the solid particles are those presented in Section 2.1 and
Section 2.2, respectively.
2.1 Fluid framework
The uid is governed by the Navier-Stokes equations, i.e. the balance of linear
momentum and the mass conservation equations.
Considering an Updated Lagrangian framework as in the standard PFEM [1],




−5 · σ − ρfg = 0 in Ωf × (0, T ) (1)
where ρf is the uid density, u is the uid velocity vector, t is the time, σ
is the Cauchy stress tensor, g is the gravity acceleration vector, Ωf is the
updated/deformed uid domain and (0, T ) time interval considered.
A standard Newtonian law is considered for the uid phase. Thus, the
Cauchy stress tensor is computed as
σ = pI + 2µfd
′ (2)
where p is the pressure, I is the 2nd order identity tensor, µf is the uid






















Following [1113] a small compressibility is allowed for the uid medium.
Hence, the mass conservation equation is written as




= 0 in Ωf × (0, T ) (4)
where κf is the bulk modulus of the uid.
Remark 1 For the uid bulk modulus going to innity the standard divergence-
free form of the continuity equation is recovered (5 · u = 0).
The uid governing equations set is closed by the following boundary con-
ditions
u− û = 0 on Γ vf
σ · n− t̂ = 0 on Γ tf
(5)
where n is the normal vector to uid boundaries, and û and t̂ are the velocities



















= Thydro + Tcontact
(6)
where mp is the mass of the particle, v the velocity of the particle's center,
FB the Buoyancy force, Fhydro the hydrodynamic force, and Fkpn and Fkwn
the interaction forces among the particles and between the particles and the
rigid walls, respectively. In the second equation Ip is the moment of inertia, ωp
the angular velocity, and Thydro and Tcontact the hydrodynamic torque and the
torque produced by the contact forces. The indices kpn and kwn run over all the
neighboring particles and triangular rigid boundaries, respectively (Section 4).
The Buoyancy force FB is dened as
FB = (mp −mf )g (7)
where mf is the mass of the volume of uid displaced by the particle.
The hydrodynamic force term Fhydro is the result of the relative motion of
the particle with respect to the background uid. It can be modeled by the
following split [32], valid in a wide range of regimes,
Fhydro = FU + FA + FD (8)
Let us briey discuss the particular expressions of the dierent terms in
Eq.(8).
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FU represents the force that the sphere of uid displaced by the particle





where the capitalized derivative operator denotes the material derivative. Note
that in a Lagrangian description of the continuum there is no distinction be-
tween material and partial time derivatives, so that DDt ≡
∂
∂t .
Remark 2 As argued in [32], the expression of FU holds for both the very low
and very high particle Reynolds numbers, as dened below; see Eq.(12). This
conrms that the expression should be robust generically.
The added mass force FA results from the resistance of the uid to the
motion induced by the particle. The following expression holds both in the












Note that in the equation above Ddt represents material derivation of the uid
eld, or derivation following the uid, while ddt represents derivation following
the particle.
There is considerable evidence of the accuracy of Eq.(10) outside its theo-
retical range of validity [58,59]. We thus assume this form of the added mass
force to hold for the full range of Reynolds numbers too.
Finally, the drag force FD can be dened as the ensemble-averaged force
experimented by a particle submerged in a statistically stationary ow, in the
direction of the relative velocity between the particle and the far-eld averaged




ρpApCD ‖w‖ (w) (11)
where ρp is the particle's density, Ap is the cross-sectional area of the particle
for a section orthogonal to w := u− v, and CD is the drag coecient.
The drag coecient is in general dependent on the particle-based Reynolds
number Rep, the shape of the particle [33], the local solid fraction [60] and the
properties of the uid. This formulation is a generalization of the Stokes drag,





where dp is the particle's diameter and νf the kinematic viscosity of the uid.
In the examples presented in this work we use the empirical generalization
by [63], dened by
CD(Rep) =
{




which, for our purposes, is suciently accurate for particle Reynolds numbers
up to well over 1000.
Remark 3 In this work, we neglect both the history and the lift forces. The
former represents the unsteady part of the viscous resistance (where FD is its
steady part) to relative velocities of the particle with respect to the background
uid. The lift can be dened as the component of the hydrodynamic force
orthogonal to w. In the examples presented in the paper, the eect of these
terms is considered as negligible versus the other forces in Eq.(6). An accurate
study of the history and lift forces in CFD-DEM analyses can be found in [37].
3 Fluid solution scheme
In this work, the uid phase is solved with the PFEM using an implicit two-
step velocity-pressure scheme, proposed and validated in [17]. The governing
equations are discretized as in the standard Galerkin FEM fashion. Linear
shape functions are used for the approximation of both the velocity and the
pressure elds. It is well known that this combination does not fulll the LBB
condition [16]. In this work, the required stabilization is introduced via the
Finite Increment Calculus (FIC) technique [18,17,19]. The derivation of the
FIC-FEM form of the governing equations has been detailed in [17], and here
only the nal fully-discretized and linearized form is given.
The uid solution is obtained by solving iteratively the linear momentum
equations for the increment of nodal velocities∆ū and the continuity equation
for the nodal pressures p̄ (variables marked with the upper symbol ·̄ refer to
nodal values). Once the converged nodal velocities and pressures are obtained,
the next time step is considered. At the beginning of the new step, the mesh
quality is checked. Whenever an element reaches a distortion level higher than
a prearranged limit, a new mesh is rebuilt following the PFEM remeshing
procedure explained in Section 3.1.
The solution scheme is summarized for a generic time step [tn; tn+1] of
duration ∆t in the pseudo-code given in Algorithm 1.
All matrices and vectors in Algorithm 1 are dened in Appendix A.
Remark 4 The procedure by which one obtains approximations to the deriva-
tives of a eld, given an approximation of the eld itself, is generally called
derivative recovery [37]. In our work, the derivatives of the uid velocity are
needed to calculate several terms in Eq.(8). The most important of these is
the material derivative DuDt involved in Eq.(9) and Eq.(10). It turns out that
Lagrangian methods such as PFEM have an advantage over traditional Eu-
lerian methods in this respect, as the material derivatives can be calculated
simply as nite dierences in time, as all quantities are convected along with
the ow. This circumvents the need to calculate spatial derivatives of the so-
lution (e.g., the velocity gradient), which are typically of lower-order accuracy
due to numerical dierentiation.
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Algorithm 1 Fluid solution scheme. The operations are performed at every
uid time step.
1: i← 0 . initialize iteration index
2: ūn+10 ← ūn+1
3: if GetMeshDistortion() > distortion_tolerance then








6: ∆ū← AssembleSystemAndSolve(Kn+1i+1 ∆ū = R
n+1
i+1 ) . using Eqs.(23-27)






8: Fn+1p,i+1 ← UpdateContinuityRHS(∆ū)
9: p̄← AssembleSystemAndSolve(Hn+1i+1 p̄ = F
n+1
p,i+1) . using Eqs.(28-35)
10: p̄n+1i+1 ← UpdatePressures(p̄)




i+1 ) . using Eq.(2)





3.1 Fluid remeshing in PFEM-DEM
Unlike the PFEM-DEM formulation presented in [39,40], the PFEM remeshing
is here insensitive to the solid particles, which are allowed to move freely
across the nite element boundaries. This is benecial to the quality of the
discretization since it unlinks the density and location of the uid nodes from
the motion of the particles.
The PFEM integrates the governing equations over the discretized do-
main as in the standard FEM and the mesh nodes are moved according to
the governing equations solution. In large deformation processes, as the ones
considered in this work, the mesh nodes motion deteriorates inevitably the
discretization (Figure 2b). Hence, in order to preserve a good FEM mesh, the
quality of the tessellation is checked at the beginning of each time step (Algo-
rithm 1). If the level of distortion is higher than a xed threshold, the mesh
is deleted and a new discretization is built over the same nodes' positions of
the previous mesh (Figure 1).
Remark 5 In order to avoid undesirable concentrations or rarefactions of mesh
nodes, some nodes may be removed and/or inserted before the elimination of
the previous mesh (Figure 1a). In such case, the nodal values of the new points
are obtained by interpolation from neighbouring nodes' values.
The remeshing procedure is one of the most characteristic features of the
PFEM. First, all the elements of the distorted mesh are disregarded and all
the problem information is stored at the nodes (Figure 1a). Then, a new mesh
is generated by performing a Delaunay triangulation [15]. Finally, using the
Alpha Shape method [14], the actual boundaries of the computational domain
are identied by removing the most distorted elements of the mesh (Figure 1c).
This is done by erasing all those elements that do not fulll the following
relation
R < αh (14)
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where R is the circumradius of the element and h is the characteristic mesh
size. In 2D, the parameter α is often taken as 1.25. For 3D problems a slightly
higher value is generally chosen. A review of the PFEM remeshing process is
given in [4,2,20].




Fig. 1: Scheme of the PFEM-DEM remeshing algorithm.
4 Particles solution scheme
The dynamics of the particles are solved with the standard DEM [41,39]. The
fact that the particles are submerged in the uid only aects them in the form
of additional forces in their equations of motion (see Eq.(6)).
The typical algorithm for solving the DEM equations consists in the steps
listed in Algorithm 2. In the pseudo-code, the sub-index p loops over all par-
ticles, while sub-index k loops over the neighbors of each particle.
Algorithm 2 DEM solution algorithm. The operations are performed at every
DEM time step.
1: MoveRigidParts(t)
2: if IsNeighborSearchStep(nsearch, step) then . search every nsearch steps
3: SearchNeighbors( ) . assign neighbor elements to each particle
4: for p = 1, . . . ,NParticles do
5: Fp,m ← Fp,m +CalculateExternalForces(xp,m, vp,m) . weight and uid
interaction forces
6: for k = 1, . . . , nneigh,p do . for each neighbor (walls and other balls)
7: Fp,m ← Fp,m +CalculateContactForces(xp,m, vp,m,xk,m, vk,m)
8: for p = 1, . . . ,NParticles do
9: vp,m+1 ← UpdateVelocity(vp,m, fp,m) . using Eq.(15)
10: xp,m+1 ← UpdatePosition(xp,m, vp,m+1) . using Eq.(16)
Remark 6 The neighbors search is a very expensive operation, hence it is com-
mon to skip this search during some time steps, provided that the neighbors
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found at the last call are generally still valid (the search is done in an extended
radius for safety reasons).
The contact forces between particles and between particles and walls follow
the formulation detailed in [38], consisting in a Hertz contact model with
Coulomb's friction and a viscous damper.
The position and velocity updates can be carried out following any of
the available integration schemes in the literature. In our case, the explicit
Symplectic Euler scheme [64] has been used, which can be expressed as




xp,m+1 = xp,m +∆tDEMvp,m+1 (16)
where sub-index m corresponds to the current conguration, and m + 1 cor-
responds to the updated conguration.
5 PFEM-DEM coupling algorithm
In the previous sections, the governing equations and the solution algorithms
for the uid phase and the particles phase have been presented separately. In
this section, we briey explain how the two parts interact with each other.
As stated in Section 1, the focus of the present paper is on the one-way
coupled PFEM-DEM interaction problem. In our case, the uid solution aects
the movement of the disperse phase (forward coupling), whereas the eect of
particles motion on the uid solution (backward coupling) is not considered.
In this work, we apply an updated-uid strategy, in which the continuum uid
phase is solved rst (Figures 2a and 2b), and then the motion of the suspended
particles is calculated using the results of the former (Figure 2c).




Fig. 2: Scheme of the PFEM-DEM algorithm.
In order to apply the forward coupling algorithm, it is necessary to de-
termine the uid variables at the particles' position. This process involves
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two steps: rst, locate the relevant uid elements for each particle, and then
compute the variables of interest at the particles' position from the selected
elements.
The rst step is achieved by an ecient search algorithm. For this purpose,
a bin data structure [42] containing all the elements of the background mesh
and all the discrete particles is created at each search step. Knowing the cell
where the particle is placed, the number of the possible neighbor elements is
limited to a relatively small amount, thus making this search fast.
Once all the particles are located over the uid mesh, it is easy to obtain
the uid data at their positions xP . For instance, the i-component of the uid
velocity at the position of a particle ui(xP ) is evaluated as




where N bn(xP ) is the linear shape function evaluated at the position of the
particle P and bn ranges from 0 to the number of nodes of the uid element
containing the particle.
Algorithm 3 One-way coupled two-phase algorithm.
1: t← 0.0
2: tDEM ← 0.0
3: n← 0 . uid time step index
4: m← 0 . DEM time step index
5: for n in [0, Nf,steps] do
6: tDEM = t
7: t← t+∆t
8: n← n+ 1
9: SolveFluid(t, n) . Algorithm 1,Figure 2b
10: while tDEM < t do
11: tDEM ← tDEM +∆tDEM
12: m← m+ 1
13: LocateParticlesInFluid()
14: InterpolateFluidValues()
15: SolveDEM(tDEM,m) . Algorithm 2, Figure 2c
Algorithm 3 shows the sub-stepping associated to forward coupling. Indeed,
since the two coupled phases tend to have very distinct characteristic scales, it
is often desirable to work with dierent time integration schemes. The particles
integration can be performed with just one step per uid step, but typically
more sub-steps are required.
6 Validation examples
In this section, four validation tests for particle-laden ows are studied.
In the rst one, the sedimentation of a solid sphere into a tank lled with
water is analyzed. The numerical solution is compared to the analytical one
given by Stoke's law.
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The second test considers again the sedimentation of a single spherical
particle in a water reservoir, but in this case, the container moves upward
with a velocity equal to the analytical terminal velocity of a settling particle. In
these conditions, the particle is expected to remain still after a brief transient
phase. This test is also used to study the eect of the PFEM remeshing on
the PFEM and DEM solutions.
The third example consists of a water dam-break test with six embedded
particles. The problem aims to validate the uid phase, but it is also pro-
posed as a benchmark solution of the spherical particles motion for future
comparisons with other CFD-DEM solvers.
Finally, the discharge of a tank containing a collection of suspended par-
ticles is modeled. The motion of the uid is compared to known analytical
solutions and the possibility of using the solid particles solved with the DEM
as tracers of the uid motion is also investigated.
6.1 Sedimentation of a sphere in a uid at rest
The rst test case simulates the sedimentation of a rigid sphere within a static
volume of water. This problem is one of typical benchmark tests for CFD-
DEM solvers [2123]. The particle falls under the eect of gravity and the
steady viscous resistance. For small particle Reynolds number, the motion of
the particle is well approximated by the standard Stoke's law. As in [21], the
time variation of the particle vertical velocity is computed analytically as
vy =








where g = 9.81m/s2 is the gravity acceleration, Vp is the volume of the spher-
ical particle, ρp = 2500kg/m
3 and ρf = 1500kg/m
3 are the particle and water
densities, respectively, µf = 0.001Pa ·s is the water viscosity, and dp = 0.1mm
is the diameter of the particle. Note that this analytical relation is obtained if
only the drag force term is considered in Eq.(8) (i.e. Fhydro = FD).
In Figure 3 a schematic representation of the initial geometry and a hori-
zontal section of the PFEM mesh (mean element size 0.15m) are plotted. The
particle is placed at the middle of a cylindrical water tank. In all graphical
representations, the spherical particle is articially enlarged for visualization
purposes.
At the onset of the simulation, the position of the solid sphere is kept xed,
allowing the uid to reach a hydrostatic state. After this initialization phase,
the particle is let free to fall. The time instant at which the particle is released
is considered as the initial time of the numerical simulation (t = 0).
In Figure 4 the time evolution of the vertical velocity obtained with the

































Fig. 4: Sedimentation of a sphere in a uid at rest. Evolution of particle's vertical velocity
(absolute value). PFEM-DEM and analytical (Eq.(18)) solutions.
The graphs show that the numerical solution is almost identical to the
analytical prediction, proving that the proposed PFEM-DEM approach fullls
this benchmark test for CFD-DEM solvers.
6.2 Sedimentation of a sphere in a rising water tank
This second test has been designed to analyze the PFEM-DEM coupling algo-
rithm in cases where the particle moves through dierent uid mesh elements.
It is also a suitable example in order to evaluate the eect of remeshing over
the global numerical solution accuracy.
For this purpose, the same test analyzed in Section 6.1 is once more consid-
ered here with some modications. The geometry and the material properties
are the same as in the previous problem, but, in this case, the uid bound-
aries, except the top free-surface contour, are forced to move upwards with a
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constant vertical velocity ûy = 0.008175m/s, this being the terminal velocity
of the settling particle as predicted by Stoke's law.
Concerning the spherical particle, its initial vertical velocity has been set
equal to vy = −0.02m/s. Under these conditions, the particle is expected to
reach a quiescent state while the surrounding uid keeps moving upwards. A
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Fig. 5: Sedimentation of a sphere in a rising water tank. Initial geometry scheme and
boundary conditions (lateral view).
Figure 6 shows three snapshots of the particle at three consecutive time
instants of the initial phase of the test. The portion of mesh shown in the
pictures corresponds to a vertical section of the domain passing through the
particle's center. The computed velocity vectors are plotted over the uid mesh
and on the solid particle. The sequence shows that the particle decelerates
quickly and reaches a steady state while the surrounding uid keeps moving
upwards.
(a) t=0s (b) t=0.001s (c) t=0.004s
Fig. 6: Sedimentation of a sphere in a rising water tank. Velocity vectors plotted over the
central zone of a vertical section at three dierent time instants.
This behavior is quantitatively represented in the graph of Figure 7, where
the time evolution of the vertical velocities of both the particle (v) and the
uid evaluated at the particle's center (u(xp)) are plotted. The graphs show
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that the uid moves with a constant velocity (almost) equal to that imposed
over the rigid boundaries, while the spherical particle decelerates and asymp-




























DEM expected asymptotic solution
Fig. 7: Sedimentation of a sphere in a rising water tank. Time evolution of the uid vertical
velocity evaluated at the particle's center (uy(xp)) and particle's vertical velocity (vy).
This test is also used to investigate the eects related to the PFEM remesh
algorithm. It is expected that the PFEM mesh regeneration aects the uid
solution and, consequently, also the DEM one. However, it is interesting to get
a quantitative reference for this perturbation. For this purpose, two cases are
studied. In the rst one, the same mesh is maintained unchanged for all the
duration of the analysis. Instead, in the second one, the mesh is modied at
t = 2s by adding a new mesh node within the uid element that contains the
spherical particle.
Figure 8 shows the velocity results obtained at t = 2s with and without
remeshing. Judging from the appearance, the two solutions seem to be identi-
cal, despite the change of the discretization.
However, in reality, the PFEM-DEM solution is aected by the change
in the mesh. In order to appreciate this perturbation, in Figure 9 the time
evolution of the uid and particle velocities is re-plotted considering a very
small range of velocity values.
At this resolution, it appears clearly that the mesh variation induces a
jump on the PFEM results. However, this perturbation is small and it is of
the order of magnitude of the error of the PFEM solution (around 0.015%).
After the shock, the perturbed solution computed after remeshing tends to re-
cover the one obtained without remeshing. Figure 9b shows that this behavior
is inherited by the DEM solution. In fact, the particle's velocity exactly mir-
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(a) No remeshing (b) Remesh at t=2s
Fig. 8: Sedimentation of a sphere in a rising water tank. Velocity vectors over at t = 2s.
(a) The initial mesh is maintained. (b) A mesh node has been added within the element
containing the spherical particle.
rors the uid solution, highlighting the eciency of the DEM-PFEM coupling
scheme.
These results suggest that, although the generation of a new tessellation
inevitably induces a perturbation of the FEM solution, this shock has a limited
eect on the numerical results and it is of the same order of magnitude as the
solution error.
Nevertheless, it should be emphasized that this analysis focused on a lo-
calized change of tessellation aecting only an inner part of the uid domain.
For more massive variations of the connectivity of the elements, and/or when
the generation of a new mesh also induces changes in the uid topology (e.g.
creation or elimination of boundary elements), the perturbation of the numer-
ical results can be larger. In particular, in these cases, volume conservation
associated with remeshing is the most critical issue. This problem is studied
in detail in [20]. In this reference, it is conrmed that the PFEM remeshing
may induce spurious variations of the uid volume, however, it is also shown
that these volume changes can be limited with a proper selection of the α pa-
rameter of the Alpha Shape method and they become almost negligible when
a ne mesh is used.
6.3 Water dam break with embedded particles
The water dam break test [2426] is frequently used to validate free-surface
uids solvers [2730]. In this section, this problem is presented to validate the
uid dynamics solver of the proposed PFEM-DEM strategy. The test consists
in the collapse of a water column caused by the removal of the vertical retaining
wall.
In contrast with the standard water dam break, six spherical particles are































































Fig. 9: Sedimentation of a sphere in a rising water tank. (a) Time evolution of the uid
vertical velocity evaluated at the particle's center (uy(xp)). (b) Time evolution of particle's
vertical velocity (vy). Results for the time interval [1s, 3s].
are small and dispersed, and so their eect on the uid solution can be safely
neglected (one-way coupling).
The initial geometry of the test, the uid mesh and material data are given
in Figure 10. All the solid particles are assumed to be identical spheres with
radius rp = 0.75mm and density ρp = 1500kg/m
3. The coordinates of their
initial positions are given in Figure 11.
In Figure 12 the numerical results for the uid problem are compared qual-
itatively to those obtained experimentally in [25] for the same time instants.
For this test, a quantitative validation of its initial phase is also possible. In
particular, before the impact of the water against the vertical wall, it is possible










Bulk modulus [Pa] 2.1·109
Viscosity [Pa·s] 0.001
Fluid mesh data
# of tetrahedra 753303
Mean mesh size [mm] 4.63








Particle x [m] y [m] z [m]
A 0.030 0.280 0.0885
B 0.116 0.280 0.0885
C 0.030 0.200 0.0885
D 0.116 0.200 0.0885
E 0.030 0.120 0.0885
F 0.116 0.120 0.0885
Fig. 11: Water dam break with embedded particles. Initial position of DEM spheres.
and numerical results from the literature. Specically, the 3D numerical results
taken as reference are from [28] and [30], where a Moving Particle Semi-implicit
method (MPS) and an explicit PFEM were used, respectively.






where x is the horizontal coordinate (at the beginning x = 0.146m for the uid
front), d = 0.146m is the base of water column, y is the vertical coordinate
(for the uid front y = 0m always), and g = 9.81m/s2 is the gravitational
acceleration.
In Figure 13 three representative images of the rst phase of this numerical
test are given.
In Figure 14 the wave front evolution obtained with the PFEM algorithm
here proposed is compared to literature results.
The graph shows that all the numerical results (solid lines) are in good
agreement, although they all slightly over-predict the uid front advancing
obtained experimentally (discontinuous lines). This is probably due to a not
faithful modeling of the retaining wall removal. As pointed out in [30], in all
the referenced numerical models the wall is removed instantaneously, while in
the laboratory experience this process takes inevitably a nite time.
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(a) t=0s, Exp. from [25]
S. Koshizuka and Y. Oka
9
Figure 8. Experimental result of collapse of a water column: time interval=0.2sec
Figure 7. Calculation result of collapse of a water column: time interval=0.2sec
(b) t=0.2s, Exp. from [25]
S. Koshizuka and Y. Oka
9
Figure 8. Experimental result of collapse f a water column: time interval=0.2sec
Figure 7. Calculation result of collapse of a water column: time in erval=0.2sec
(c) t=0.4s, Exp. from [25]
S. Koshizuka and Y. Oka
9
Figure 8. Experimental result of collapse of a water column: time interval=0.2sec
Figure 7. Calculation result of co lapse f a water column: time in erval=0.2sec
(d) t=0s, PFEM (e) t=0.2s, PFEM (f) t=0.4s, PFEM
(g) t=0.6s, Exp. from [25]
S. Koshizuka and Y. Oka
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Figure 8. Experimental result of collapse of a water column: time interval=0.2sec
Figure 7. Calculation result of collapse of a water column: time interval=0.2sec
(h) t=0.8s, Exp. from [25]
S. Koshizuka and Y. Oka
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Figure 8. Experimental result of col apse f  water column: time interval=0.2sec
Figure 7. Calculation result of collapse of a water column: time interval=0.2sec
(i) t=1.0s, Exp. from [25]
S. Koshizuka and Y. Oka
9
Figure 8. Experimental esult of collapse of a water column: time i terval=0.2sec
Figure 7. Calculation result of collapse of a water column: time interval=0.2sec
(j) t=0.6s, PFEM (k) t=0.8s, PFEM (l) t=1.0s, PFEM
Fig. 12:Water dam break with embedded particles. Numerical and experimental [25] results
at the same time instants.
For the same time interval considered in Figure 14, the time evolution of
the positions of the six spherical particles is given in Figure 15 with the aim of
allowing future comparisons with other CFD-DEM solvers. Only the vertical
and horizontal displacements are plotted since, during the considered time
interval, the particles undergo a negligible traversal motion.
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(a) t∗ = 1.05 (b) t∗ = 1.97 (c) t∗ = 2.90
Fig. 13: Water dam break with embedded particles. 3D results with velocity contours plot















Koshizuka et al. (NUM)
Meduri et al. (NUM)
Koshizuka et al. (EXP)
Hu et al. (EXP)
Martin et al. (2.25 in) (EXP)
Fig. 14: Water dam break with embedded particles. Dimensionless time evolution of the
front wave position. Numerical (NUM) results from Koshizuka et al. [28] (3D MPS) and
Meduri et al. [30] (explicit 3D PFEM). Experimental (EXP) results from Koshizuka et
al. [25], Hu et al. [26] and Martin et al. [24].
6.4 Tank discharge
In this last test, the discharge of a tank containing water and a collection of
spherical particles is studied. The container is a cube with sides of 1m and an
orice of diameter D = 0.2m in the center of its bottom surface. Initially, the
water (ρf = 1000kg/m
3, µf = 0.001Pa·s) lls the tank entirely. The collection
of particles has a cylindrical shape of height 0.1m and diameter 0.8m, and
it is formed by 2552 identical spheres of diameter dp = 0.005m, irregularly
distributed within the cloud. The particles are so small and dispersed that
it can be assumed that their motion does not aect the uid ow (one-way
coupling). In Figure 16 the initial geometry of the numerical test is given. All
the lengths and distances are dened with respect to the orice diameter D.
The same problem is studied for three dierent values of the particles
density, namely ρp = 1000kg/m
3, ρp = 1125kg/m









































Fig. 15: Water dam break with embedded particles. Dimensionless time evolution of the
dimensionless coordinates of spherical particles.
Note that for ρp = 1000kg/m
3 = ρf it is expected that the particles follow
exactly the uid streamlines obtained by the PFEM solution.
A particle placed at the center of the uid tank at y = 0.65, is chosen as
the reference of the particles motion in the three cases. In the following, this
particle will be referred to as the sample particle. The initial uid mesh is









(b) View from the top
5DD
5D
Fig. 16: Tank discharge. Initial geometry (D = 0.2m).








where y∗, v∗, t∗, ρ∗ andM∗ are the dimensionless vertical coordinate, velocity,
time, particle density and water mass, respectively. Furthermore, H = 1m is
the initial water level, g = 9.81m/s2 is the gravity, Mf is the water mass
contained in the tank and Mfi = 1000kg its initial value.
Figure 17 shows a sequence of six snapshots obtained from the numerical
simulation, for ρ∗ = 1.125. The gures show that the uid exits through the
orice forming a stream with a reduced cross-section with respect to the hole,
the characteristic vena contracta. A at free-surface is maintained above. This
conguration is kept by the uid for the entire duration of the test (t∗=225).
Turning to the particles, the initial cloud begins settling with near-uniform
velocity, thus keeping its shape almost unaltered (Figure 17a). However, when
the solid particles approach the orice (approximately at a distance equal to
the diameter of the hole), the particles suer a sudden acceleration toward
the center of the tank (Figures 17b-17d). We note that among the outermost
particles in the cloud, those placed at a larger distance from the lateral walls
move faster towards the orice. This motion alters the initially circular shape of
the cloud. At around t∗=77.5, the outermost particles in the cloud start hitting
the lower surface of the tank (Figures 17e-17f) and they are progressively
dragged to the orice.
Similar behavior is observed for ρ∗ = 1.5, although the sedimentation of
the particles is faster. On the other hand, for ρ∗ = 1 the particles, as expected,
follow the uid streamlines and none of these impacts the lower wall of the
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(a) t∗=33.2, 3D and top view (b) t∗=44.3, 3D and top view
(c) t∗=55.4, 3D and top view (d) t∗=66.4, 3D and top view
(e) t∗=77.5, 3D and top view (f) t∗=88.6, 3D and top view
Fig. 17: Tank discharge. Numerical results at six time instants for ρ∗ = 1.125.
container. This is clearly shown in Figure 18, where the particle clouds for the
three studied densities are overlapped to the uid streamlines of the central
xz-section. The cases of ρ∗ = 1.5 (Figures 18i-18l) and ρ∗ = 1.125 (Figures
18e-18h) show a clear discrepancy between the particles motion and the uid
streamlines. On the contrary, for ρ∗ = 1 (Figures 18a-18d) the particles behave
perfectly as tracers of the uid motion. This represents a further evidence of
the accuracy of the proposed PFEM-DEM coupling algorithm. Note also that
using spherical particles as tracers can be very useful in a PFEM framework.
In fact, in PFEM analyses, the mesh nodes cannot be generally used for this
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purpose because they can be moved, erased or replaced during the remeshing
step to maintain the mesh quality (see Remark 5 in Section 3.1).
(a) ρ∗=1.0 t∗=11.1 (b) ρ∗=1.0 t∗=66.4 (c) ρ∗=1.0 t∗=121.8 (d) ρ∗=1.0 t∗=166.1
(e) ρ∗=1.125 t∗=11.1 (f) ρ∗=1.125 t∗=33.2 (g) ρ∗=1.125 t∗=55.4 (h) ρ∗=1.125 t∗=77.5
(i) ρ∗=1.5 t∗=11.1 (j) ρ∗=1.5 t∗=22.1 (k) ρ∗=1.5 t∗=33.2 (l) ρ∗=1.5 t∗=44.3
Fig. 18: Tank discharge. Fluid streamline plotted over the central xz-section. DEM solution
for three dierent values of ρ∗=1.5.
Using Bernoulli's theorem, it is possible to verify the accuracy of the uid
solution. According to this theorem, the outlet velocity of an inviscid and
incompressible uid contained in a tank can be computed as
u =
√
2ghfs + u2fs (21)
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where hfs is the dierence in height between the uid free-surface and the
position where the outlet velocity is measured, and ufs is the uid velocity at
the free-surface.
This simple relation is valid only for negligible pressure dierences between
the free-surface and the point where the velocity is computed, otherwise, also
the eect of pressure must be taken into account.
In order to check this issue, in Figure 19 the pressure eld is plotted over
a central vertical section. The results show a hydrostatic pressure distribution
in the regions far from the hole. Near the orice, one observes a perturbed
pressure eld region with a characteristic size similar to the hole diameter. On
the other hand, inside the stream beneath the hole, at a distance equal to the
radius of the orice (y∗ = −0.5), the uid pressure almost vanishes, as for the
superior free surface. Consequently, Eq.(21) can be used safely to estimate the
outlet uid velocity at y∗ = −0.5.
(a) t∗=11.1 (b) t∗=66.4 (c) t∗=121.8 (d) t∗=177.2
Fig. 19: Tank discharge. Pressure eld at the central section xz of the uid domain.
Figure 20 shows the time evolution of the dimensionless uid velocity com-
puted at dierent heights of the central axis (x = z = 0). The graphs show
that for y∗ = −0.5, the uid solution agrees well with that predicted by the
Bernoulli's theory (Eq.(21)).
It is also interesting to note that starting from y∗ = 1, the central part
of the uid undergoes a sudden acceleration. It is remarkable that the jump
of velocity between y∗ = 1 and y∗ = 0 is more than ten times larger than
the one computed between y∗ = 3 and y∗ = 1. This abrupt acceleration is
also observed in the dimensionless velocity curve of the sample particle with
ρ∗ = 1.0, also plotted in Figure 20. At around y∗ = 1, the particle suers a
sudden acceleration after having been moving with an almost constant velocity
up to that point. When it reaches y∗ = −0.5, the particle decelerates and starts
falling with a constant acceleration practically equal to g.
This free-fall motion is also exhibited by the other tested sample particles
of dierent densities (see Figure 21b). Note that this occurs when the particle
is still contained within the uid ow (y∗ = −0.5), showing that the uid eect



































Fig. 20: Tank discharge. Time evolution fo dimensionless velocity. Results at six uid height
(central point), sample particle with ρ∗ = 1.0 and theoretical solution according to Eq.(21)
at y∗ = −0.5.
The time evolution of the uid mass leakage through the tank hole can
be computed combining the Bernoulli's theorem (Eq.(21)) together with the
continuity equation. Analogously to [31], the dimensionless water mass content














where Afs = 1m
2 is the area of the free-surface, and Ao = CdπD
2/4 is the
eective area of the orice. For sharp orices, the discharge coecient Cd is
generally considered between 0.60 and 0.65. In this study Cd = 0.61 has been
considered.
In Figure 22 the dimensionless mass of the uid remaining in the tank is
compared to the analytical one obtained with Eq.(22).
The graphs show very good agreement between the numerical and the
analytical solutions. This proves the capability of the PFEM for predicting
the eective area of leakage in tanks discharge problems.
The convergence of the PFEM-DEM scheme has been also veried. For this
purpose, four additional meshes have been analyzed for ρ∗ = 1.0 and ρ∗ = 1.5.
These tessellations have mean mesh sizes h = 0.02m, h = 0.0275m, h =
0.035m and h = 0.045m, which correspond to 1249676, 480698, 233411 and
109483 tetrahedral elements, respectively. Figure 23b shows the dimensionless
velocity of the sample particle obtained with the ve meshes. A logarithmic
scale is used for the y-axis. The plot shows a clear convergent behavior of

























































Fig. 21: Tank discharge. Dimensionless height and velocity of the sample particle for three
values of density.
visualize better the dierent phases of the particle sedimentation described in
the previous paragraphs.
7 Conclusions
This work has presented a fully Lagrangian formulation for the simulation of
















Fig. 22: Tank discharge. Time evolution of the dimensionless mass of the uid remaining
in the tank. Numerical and analytical results.
suspensions so small and disperse that their eect over the uid motion can
be considered as negligible (one-way coupling).
An implicit PFEM approach is used for modeling the free-surface ow,
while the solid particles are modeled as spheres and computed explicitly with
the DEM. A sub-stepping algorithm is used for reducing the computational
time of the analyses.
In contrast to previous works where the spherical particles were overlapped
to the PFEM nodes, here the solid spheres are free to move independently from
the uid mesh, thus no restrictions are imposed on the PFEM remeshing.
Four numerical tests have been studied in detail to highlight the capabilities
and the accuracy of the coupled PFEM-DEM procedure.
In the rst test, it has been proved that the sedimentation of a solid sphere
in the Stoke's regime can be accurately reproduced with the method.
In the second test, the eect of the PFEM remeshing on the solution ac-
curacy has been addressed. It has been shown that the changes of the internal
connectivity of the PFEM mesh induce a certain perturbation of the PFEM-
DEM solution, however, the small shock produced by the remesh is quickly
absorbed after a transient phase.
The third test, a water dam-break problem with embedded particles, has
been used to validate the PFEM uid solver for a complex 3D and highly
unsteady free-surface ow. Good agreement with the experimental and pub-
lished numerical results has been found. The DEM solution has been provided
to allow future comparisons with other CFD-DEM solvers.
With the last test, it has been proved that the PFEM solver can model
with very good accuracy the dynamics of a tank discharge, predicting with
high delity the outlet velocity, the formation of the vena contracta and the
uid mass leakage time evolution. The motion of clouds of particles of dierent
29















(b) ρ∗ = 1.5
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Fig. 23: Tank discharge. Dimensionless velocity of the sample particle for dierent mesh
sizes and densities.
densities embedded in the uid has been studied and compared. Moreover, it
has been shown that the particles with the same density as the uid can be
used as tracers of the PFEM uid solution. Finally, the convergent behavior
of the PFEM-DEM scheme has been shown.
Future developments on the PFEM-DEM model here presented foresee to
extend the numerical formulation to fully-coupled CFD-DEM analyses. This
will allow us to solve problems where the eect of the motion of the particles
on the uid solution cannot be neglected.
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A Appendix
All vectors and matrices introduced in Section 3 are listed below. The variables used in the
following refer to the uid domain, hence the subindex f is here omitted (e.g. ρ=ρf ).
The fully-discretized form of the linear momentum equations (Eq.(1)) reads
K∆ū = R (23)
where K is computed as the sum of stiness and mass matrices as


















































































0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ

The fully-discretized form of the continuity equation (Eq.(4)) reads


















































































where in 3D m = [1, 1, 1, 0, 0, 0]T .
Details on the derivation of above matrices and vectors can be found in [17].
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